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Structural properties of encapsidated flexible polyelectrolytes in viral capsids with dodecahedral charge
distribution have been investigated by Monte Carlo simulations using a coarse-grained model. Several capsid
charge distributions ranging from a homogeneous surface charge distribution ��=0� to a complete dodecahe-
dral distribution ��=1� at constant total capsid charge and fixed radial location of the capsid charges have been
considered. The radial and lateral organizations of the polyelectrolyte have been examined as a function of the
polyelectrolyte length and capsid charge distribution. With short polyelectrolytes a single polyelectrolyte layer
was formed at the inner capsid surface, whereas at increasing polyelectrolyte length also a uniform polyelec-
trolyte density inside the surface layer was established. At low �, the polyelectrolyte layer was laterally
isotropic, but at ��0.05 a dodecahedral structure started to appear. At �=1, the polyelectrolyte followed
essentially a path along the edges of a dodecahedron. With sufficiently long chains, all edges were decorated
with polyelectrolyte, facilitated by loop formation. For an undercharged capsid, the capsid counterions inside
the capsid also adopted a dodecahedral distribution.
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I. INTRODUCTION

A virus particle consists of a shell �capsid� composed of
several proteins and a genome inside the capsid. The capsid
is often either cylindrical or spherical-like with an icosahe-
dral shape, whereas the genome may consist of DNA or
RNA. The flexibility of the genome plays a crucial role
of the genome packing inside the capsid. Double-stranded
�ds�DNA possesses a persistence length of �50 nm which
is large in comparison to the capsid size. On the other
hand, single-stranded �ss�DNA and ssRNA have a persis-
tence length in the nanometer range which is smaller than the
capsid size. In bacteriophages containing dsDNA, the ge-
nome is tightly packed �1� and a coaxial spool-like structure
not reflecting the capsid symmetry has been extensively re-
ported �2–4�. In contrast, encapsidated ssRNA may partially
adopt the symmetry of the surrounding protein capsid due to
its larger flexibility and the much lower genome volume
fraction. From geometrical considerations, the genome vol-
ume fraction of such ssRNA-containing viruses is estimated
to be at most 5% �1,5–8�.

Sections of genomic RNA that are symmetrically local-
ized within virus capsids have been visualized by x-ray and
neutron crystallography for several T=1 and 3 viruses such
as satellite tobacco necrosis virus �9�, satellite tobacco mo-
saic virus �10,11�, turnip yellow mosaic virus �12�, flock
house virus �13�, black beetle virus �14�, and bluetongue
virus �15�. Image reconstruction of noncrystalline MS2 bac-
teriophage �16� and pariacoto virus �8� �both T=3 viruses�
showed that a part of the genome displayed a structure that
reflects its electrostatic interaction with the capsid charges.

Regarding the MS2 bacteriophage, 10%–20% of the RNA
genome was estimated to take the shape of an icosahedral
network around the three- and five-fold axes of the MS2
capsid, whereas the remaining genome was homogeneously
distributed. The network was composed of tubular features
with a diameter of �20 Å, most likely being dsRNA. Almost
all of the RNA genome in MS2 appears in double stranded
structures �16�. In the pariacoto virus, the amount of ordered
RNA is �35%. Images reconstructed from crystallography
and cryoelectron microscopy showed that the genome close
to the inner capsid surface was mainly organized as duplex
RNA and passes along the edge formed at the junction of
twofold symmetry-related asymmetric units �8�. Besides the
helical segments at the twofold axes, three of these RNA
segments form a three-way junction at the threefold axis of
the Ih symmetry group and lead to a dodecahedral structure.
The remaining part of the viral RNA inside the capsid sur-
face layer is disordered.

The different pattern of the electrostatic potential gener-
ated by the capsid charges at the inner capsid surface �icosa-
hedral for the MS2 phage and dodecahedral for the pariacoto
virus� and the similarly different structure of the ordered
RNA strongly indicate that the gross structure of the genome
is controlled by the electrostatic interaction rather than by the
shape of the inner capsid surface. Nevertheless, even in the
latter case, the capsid with an icosahedral shape and the or-
dered RNA with a dodecahedral structure have the same Ih
symmetry.

On the basis of x-ray diffraction, it was assumed that
RNA-protein interactions are essentially base independent
and the genome conformation is driven by the nonspecific
electrostatic interactions with the oppositely charged protein
shell �17�. Primarily arginine and lysine located in the pro-
tein subunits interact with the phosphate group of the ge-
nomic RNA, and for a genome with a large degree of order
N-terminal extended subunits are found to be inserted in the
major groove of the RNA duplex �8�. Furthermore, isopoten-
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tial surfaces of the inner surface of the cowpea chlorotic
mottle virus �CCMV� capsid, where the genome is also par-
tially symmetrically localized within the virus �18�, calcu-
lated in the frame of the Poisson-Boltzmann theory and on
the basis of crystallographic data, presented a series of con-
nected bumps at the top of the hexameric and pentameric
units, reflecting the symmetry of the virus capsid �19�.

Due to electrostatic interactions between the genome and
capsid proteins, RNA packaging and capsid formation appear
to be intimately connected, even though there are reported
cases in which the capsid can be formed in the absence of
RNA �20�. RNA would act as a growth template, as in the
case of cylindrical viruses �21�, but the growth scenario for
icosahedral capsid is not well-understood. It is believed that
the assembly begins with specific RNA-protein interactions
and the subsequent capsid growth is driven by the nonspe-
cific electrostatic interaction. However, unlike the cylindrical
viruses, the formation of a dodecahedral structure is facili-
tated by the existence of a branched secondary structure of
ssRNA. The reason is that graph topological constraint ex-
cludes a linear genome to adopt a dodecahedral structure
unless sharp bends are allowed �6�. Consequently, the back-
bone of RNA molecules covers a Hamiltonian cycle along a
subset of the dodecahedron edges, while the side-branches
are responsible for covering the rest of the edges. This im-
plies that the size of the secondary structure of the genome
will determine the capsid size. Indeed, for viruses with a
large amount of RNA genome possessing a dodecahedral
structure, such as MS2 bacteriophage and pariacoto, the con-
tour length of the secondary structure of the nonencapsidated
genome is comparable with the length of the dodecahedron
contour formed by the twofold axes of the icosahedrally
shaped capsid.

Since the early atomistic simulation of hydrated dsDNA
by Celmenti et al. �22�, short oligonucleotides in aqueous
solution have been simulated �23–28�. More long-range
properties have been examined by using coarse-grained mod-
els, where the dsDNA is represented as a wormlike or a
spring-bead chain. In particular, the complexation between
dsDNA and oppositely charged macromolecules, as occur-
ring in the chromatin complex, has been in focus �29–32�.
These studies have provided valuable generic properties of
isolated and complexed dsDNA. This comes not as a com-
plete surprise, since coarse-grained dielectric models have
during the last two decades shown to be extremely useful to
describe electrolyte solutions as well as solutions of charged
macromolecules �33–35�.

In our previous work �36�, results of Monte Carlo simu-
lations of polyelectrolytes of different flexibilities and
lengths confined inside a viral capsid were presented. A
coarse-grained model was used, where the genome was rep-
resented by a spring-bead chain, the capsid by a spherical
shell, and the aqueous solution by a dielectric medium. We
investigated the polyelectrolyte conformation and the ther-
modynamics of the encapsidation process. We found a
transition from an isotropic chain distribution at low bare
persistence length to a spoollike structure when the bare per-
sistence length was larger than the size of the confining

space. Our predicted radial distribution of the genome was
later qualitatively reproduced by a full atomistic simulation
of the satellite tobacco mosaic virus �37�.

The aim of the present study is to obtain further under-
standing of the conformation of flexible polyelectrolytes in-
side viral capsids. Here, we extend our previous investiga-
tion by considering viral capsids possessing charge
distributions with Ih symmetry as found for some T=3 vi-
ruses. Systematic changes of the capsid charge distribution at
constant radial location and total amount of capsid charge
were performed to provide a comprehensive picture of the
lateral organization of the encapsidated polyelectrolyte.
Hence, of concern is the role of the electrostatic interactions
for the structure of the encapsidated genome. The simplicity
of the model used makes it possible to rationalize the ob-
served features in terms of the different interactions appear-
ing in the systems.

II. MODEL AND METHODS

A. Model system

A coarse-grained model of a scale-reduced T=3 virus was
used, as in our previous work �36�. The viral capsid is mod-
eled as a spherical shell with an inner radius Rc=50 Å and a
thickness Dc=12 Å. The capsid has a fixed total charge Zc

tot

=260 distributed at a radial distance �=2 Å from its inner
surface. Different distributions of the total capsid charge are
considered. The two extreme ones are �I� a homogeneous
surface charge density and �II� a “dodecahedral” charge dis-
tribution. In the latter case, charges are positioned at the
vertices and at eight evenly distributed positions along each
edge of a dodecahedron projected on a spherical surface with
the radius Rc+�, resulting in 260 sites each carrying the
charge Zc=1 �Fig. 1�a��. Although the locations of the
charges do not generate a true dodecahedron, we will for
simplicity still refer it to as a dodecahedron. In particular, the
structure still has Ih symmetry. The distance between two
adjacent sites becomes 4.19 Å and the total dodecahedral
contour length becomes 1131 Å. The fraction � of the total
capsid charge Zc

tot was placed according to distribution II and
the remaining fraction 1−� according to distribution I, giv-
ing a homogeneous surface charge density �= �1
−��Zc

tote / �4��Rc+��2�. Thus a charge distribution parameter
�=0 corresponds to a homogeneous surface charge density,
which generates a constant electrostatic potential inside the
capsid, and �=1 to the case where the total capsid charge is
dodecahedrally distributed.

Figure 1�b� shows the variation of the electrostatic poten-
tial for �=1 at r=48 Å, the distance at which the polyelec-
trolyte is in contact with the inner capsid surface. The largest
electrostatic potential difference occurs between a vertex and
a pentagon center and is 6 kT /e. The corresponding map of
the electrostatic potential inside a pariacoto virus generated
by the capsid charges is displayed in Fig. 1�c�. Indeed, our
model very closely represents the dodecahedral nature of the
electrostatic potential at the inner capsid surface of the pari-
acoto virus. Nevertheless, there are some details that differ;
one is that the largest electrostatic potential appears at the
midpoint of a pentagon edge instead of at a vertex. For the
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pariacoto virus, the difference between the extreme values of
the electrostatic potential is 2.5 kT /e, which would corre-
spond to ��0.4 in our model system.

The polyelectrolyte is described as a linear chain of Nb
monovalently negatively charged hard spheres �beads�. The
beads are joined by a harmonic bond potential and the intrin-
sic chain stiffness is regulated by a harmonic angular poten-
tial. In addition, monovalently charged capsid and polyelec-
trolyte counterions, separately neutralizing the charge of the
two macroions, are present. The small ions are modeled as
charged hard spheres, each bearing one unit charge. The
aqueous solution and the capsid are treated as dielectric con-
tinua with the same relative permittivity.

The four different types of particles, viz. �i� the positively
charged capsid; �ii� the negatively charged beads of the poly-
electrolyte; �iii� the capsid counterions; and �iv� the polyelec-
trolyte counterions, are all confined in a spherical cell with
the radius Rcell. The purpose of the cell is to make the model
represent a system at finite capsid concentration. The precise
value of Rcell is of less importance �36�. Finally, the polyelec-
trolyte beads are confined inside the capsid, whereas the
small ions are free to cross the capsid.

In more detail, the total potential energy U can be divided
into four terms according to

U = Unonbond + Ubond + Uangle + Ucell. �1�

The nonbonding term Unonbond is the sum of two contribu-
tions,

Unonbond = �
i�j

uij�rij� + �
i

uc,i�ri� , �2�

of which the first one represents the hard-sphere and Cou-
lomb interactions between charged particles according to

uij�rij� = �� , rij � Ri + Rj

ZiZje
2

4�	0	rrij
, rij � Ri + Rj ,

�3�

where i and j denote either a polyelectrolyte bead or a small
ion, rij the distance between centers of particles i and j, Ri
the hard-sphere radius of particle i, Zi the valence of particle
i, 	0 the dielectric permittivity of vacuum, and 	r the relative
permittivity of the system. The second term of Eq. �2� rep-
resents the interaction between mobile particles and the
capsid and is given by

(a)

(b)

(c)

FIG. 1. �Color online� �a� Illustration of the outer capsid surface
�gray sphere� of radius r=Rc+Dc=62 Å and the location of 260
charged sites �red spheres�, of which 20 are located at the vertices
of a dodecahedron and 240 distributed evenly along the projections
of the dodecahedron edges on a spherical surface of radius r
=52 Å. �b� Electrostatic potential �kT /e units� at the radial distance
r=Rc−Rb=48 Å generated by the discrete capsid charge distribu-
tion at the charge distribution parameter �=1. �c� Electrostatic po-
tential �kT /e units� at the radial distance r=90 Å generated by the
capsid charges of the pariacoto virus; the protein data bank �PDB�
identification number is 1F8V and the coordinates of the crystal
structure were obtained from Virus Particle Explorer �VIPER� �45�.
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uc,i�ri� =�
� , Rc − Ri � ri � Rc + Dc + Ri

�1 − ��
Zc

totZie
2

4�	0	r�Rc + ��
+ ��

j=1

260
ZiZje

2

4�	0	r�ri − r j�
, ri � Rc − Ri

�1 − ��
Zc

totZie
2

4�	0	r�ri�
+ ��

j=1

260
ZiZje

2

4�	0	r�ri − r j�
, ri 
 Rc + Dc + Ri,

�4�

where ri denotes the position of particle i �polyelectrolyte
bead or small ion� and r j the position of capsid charge j. The
two finite terms represent the interaction between particle i
with the homogeneous and discrete capsid charge distribu-
tion, respectively.

The bond energy Ubond, entering as the second term of Eq.
�1�, is given by

Ubond = �
i=1

Nb−1
kbond

2
�ri,i+1 − r0�2, �5�

where Nb is the number of polyelectrolyte beads, ri,i+1 the
distance between two bonded beads, r0 the equilibrium bond
distance �r0=5 Å�, and kbond the bond force constant �kbond

=0.4 N m−1�. The root-mean-square �rms� bead-bead separa-
tion becomes 	Rbb

2 
1/2=5.5–5.9 Å for the different systems
investigated.

The bond-bond angular potential energy Uangle of Eq. �1�
is represented by

Uangle = �
i=2

Nb−1
kangle

2
��i − �0�2, �6�

where �i is the angle between the vectors ri+1−ri and ri−1
−ri made by three consecutive beads, �0 the equilibrium
angle ��0=180° �, and kangle the angular force constant. Here,
kangle=0.51�10−24 J deg−2 has been used, corresponding to
the bare persistence length lp

0=8.5 Å, as evaluated for an
uncharged polymer according to the relation lp

0= 	Rbb
2 
1/2 / �1

+ 	cos �
� �38�. This bare persistence length is suitable to
describe homopolymeric ssRNA. The ratio of the persistence
length and the inner capsid radius becomes lp

0 /Rc�0.2, im-
plying that bending energy arising from the encapsidation of
the polyelectrolyte is small.

Finally, the last term Ucell entering in Eq. �1� describes the
confining cell potential. It is given by

Ucell = �
i

ucell�ri� , �7�

where

ucell�ri� = �� , ri 
 Rcell

0, ri 
 Rcell
�8�

and affects only the small ions.

B. Systems

Systems comprising different �i� polyelectrolyte length
and �ii� capsid charge distribution have been considered. The
number of polyelectrolyte beads selected are Nb=100, 183,
260, 400, and 600. Hence the ratio of the polyelectrolyte
charge and the total capsid charge defined by �
��NbZb /Zc

tot� ranges from ��1 �undercharged capsid� to �

1 �overcharged capsid� and includes �=1 �charge-neutral
polyelectrolyte-capsid complex�. For the longest chain �Nb

=600�, the ratio of the contour length of the polyelectrolyte
and the interior circumference of the capsid becomes �Nb

−1�	Rbb
2 
1/2 / �2�Rc��11. The largest volume fraction of

polyelectrolyte beads inside the capsid is 4%. As mentioned
earlier, the charge distribution parameter � brings continu-
ously a homogeneous surface charge distribution ��=0� to a
dodecahedral distribution ��=1�.

Throughout, T=298 K and 	r=78.4 have been used. Val-
ues of the parameters characterizing the model and data of
the T=3 phage are summarized in Table I. Obviously, the
model is only a coarse-grained representation of a T=3 ph-
age. In particular, we do not include any structural details on
a molecular level, including capsid symmetry or secondary
structure of ssRNA. We also neglect the variation of the rela-
tive dielectric permittivity and the effect of 0.1M salt present
under physiological conditions, the latter attenuating the
electrostatic interaction.

C. Simulation details

Structural equilibrium properties of the model system
were obtained by performing Metropolis Monte Carlo �MC�
simulations in the canonical ensemble. All interactions
within the cell were considered, and hence no potential cut-
off was applied.

In the Metropolis sampling, the polyelectrolyte was sub-
jected to three kinds of trial displacements: �i� single-bead
move; �ii� pivot rotation of a randomly selected part of the
polyelectrolyte; and �iii� slithering move. The probability of
a pivot rotation was 1/100 and of a slithering move 1/10 to
1/100 times the probability of the single-bead move. Small
ions were subjected to single-particle displacements only.

Initial configurations were generated by placing the poly-
electrolyte randomly inside the capsid and the small ions
randomly inside the cell, subjected to hard-sphere and capsid
overlap tests. After equilibration involving 5�104 passes
�attempted moves per particle�, the production runs com-
prised typically 5�105 passes. The reported uncertainties
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were calculated by dividing the total simulation in ten sub-
batches and are presented as one standard deviation of the
mean. All simulations were performed using the integrated
Monte Carlo-molecular dynamics-Brownian dynamics simu-
lation package MOLSIM �39�.

D. Structural characterization

Because of the electrostatic interactions in the system, the
polyelectrolyte is preferentially located close to the inner
capsid surface �36�. Different lateral polyelectrolyte struc-
tures may be envisioned, depending on the capsid charge
distribution as described by �. In addition to a disordered
lateral structure appearing at �=0 �36�, a dodecahedral struc-
ture, reflecting the capsid charge distribution, is anticipated
at not too small �.

The appearance of Ih symmetry and a dodecahedral struc-
ture of the encapsidated polyelectrolyte was analyzed by us-
ing rotational-invariant bond-order parameters introduced by
Steinhardt et al. �40�. They defined a “bond” as the vector
joining a central atom to one of its neighbors. In the present
study, the position vector of bead i, ri, with respect to the
center of the cell will represent a bond. For the moment we
disregard the radial component of ri and define

Qlm�ri� � Ylm���ri�,��ri�� , �9�

where Ylm�� ,�� are the spherical harmonics �41� and ��ri�
and ��ri� are the polar and azimuthal angle of ri. Next, we
average over all the beads according to

Q̄lm =
1

Nb
�
i=1

Nb

Qlm�ri� , �10�

and form the two rotational invariants

Ql = 
 4�

2l + 1 �
m=−l

l

�	Q̄lm
�2�1/2

, �11�

Wl = �
m1,m2


 l l l

m1 m2 − m1 − m2
�	Qlm1


	Qlm2



�	Ql−�m1+m2�
 , �12�

where 	 
 denotes an ensemble average and the term in brack-
ets in Eq. �12� a Wigner 3j-symbol �41�. Eventually, the
parameter Sl involving ratios Ql and Wl is defined according
to

Sl = 
 4�

2l + 1
�3/2 Wl

Ql
3 . �13�

In the following, we will use only l=6 for symmetry rea-
sons because Q6 and W6 are the lowest nonzero invariants for
structures possessing Ih symmetry �40�. The quantities Q6
and W6 can be used to assess how well particles attain the
structure formed by the edges of a dodecahedron, and they
will be referred to as order parameters. Unlike Q6 and W6,
�S6 � =S6

Ih with S6
Ih =0.169 754 independently of the degree of

lateral heterogeneity provided that Ih symmetry is present.
For spherical symmetry, S6=0. Hence S6 constitutes a con-
venient quantity to assess the presence of Ih symmetry of the
encapsidated polyelectrolyte. Therefore we will refer to S6 as
a symmetry parameter. More specifically, for the distribution
shown in Fig. 1�a�, we have Q6

dodec=0.281 96, W6
dodec

=0.004 004, and S6
dodec� S6

Ih. We also note that for an icosa-
hedral distribution S6

ico=−S6
Ih.

For the longer chains, the exploration of all symmetry
related configurations was slow as compared to the simula-
tion length. Such an exploration is not a necessary require-
ment for obtaining equilibrium results, but necessary to

quantify the dodecahedral structure using the quantity Q̄lm.
This was remedied by including a symmetrization by aver-

aging of Q̄lm over the 12 five fold axes of the dodecahedron
�see Fig. 1�a��.

III. RESULTS

We will first consider the radial distribution of encapsi-
dated polyelectrolytes at different polyelectrolyte length and
capsid charge distribution. It will be followed by a discussion
on the lateral polyelectrolyte distribution, and, in particular,
on its dodecahedral structure. Thereafter some aspects of the
distribution of the small ions will be given.

A. Radial polyelectrolyte distribution

Figure 2 shows the bead number density �b�r� as a func-
tion of the radial distance for polyelectrolyte-containing

TABLE I. General data of the model and the main characteris-
tics of the T=3 virus.

Variable Symbol Model T=3 virus

Capsid

Capsid inner radius Rc 50 Å 100 Å

Capsid thickness Dc 12 Å 25 Å

Total capsid charge Zc
tot 260 �2000–2300

Charge distribution
parameter

� 0 to 1

Capsid charge Zc +1 +1

Anion charge Z− −1 −1

Anion radius R− 2 Å

Polyelectrolyte

Number of
polyelectrolyte beads

Nb 100–600 �4500

Bead charge Zb −1 −1

Bead radius Rb 2 Å

Bead separation 	Rbb
2 
1/2 5 to 6 Å 5.6 Å

Bare persistence
length

lp
0 8.5 Å

Cation charge Z+ +1 +1

Cation radius R+ 2 Å

Simulation cell

Radius of spherea Rcell 500–668 Å

aAdjusted to a counterion number density �−+�+=6.87�10−7 Å−3.
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capsids at a different number of beads Nb and different val-
ues of the charge distribution parameter �. It is seen that the
radial bead distributions are more influenced by the polyelec-
trolyte length than the capsid charge distribution.

First, with Nb=100 and 260, corresponding to the charge
ratios �=0.38 and 1, respectively, the polyelectrolyte is com-
pletely adsorbed at the inner capsid surface in a layer 5–8 Å
thick. The extension of the layer is the same with Nb=100
and 260 beads, only the number density varies. With Nb
=400 and 600, corresponding to �=1.54 and 2.31, still an
adsorbed layer at the inner capsid appears, now comprising
�370 beads. The peculiar feature that the charge of the ad-
sorbed polyelectrolyte layer overcompensates the capsid
charge can be understood in terms of the electrostatic bead-
bead repulsion that is responsible for the polyelectrolyte ac-
cumulation at the capsid inner surface. The remaining beads
are to a first approximation distributed uniformly inside the
surface layer, with the bead density in this inner region in-
creasing with increasing Nb. In the following, will refer to
the two regions as �i� the surface layer �40 Å�r
48 Å� and
�ii� the inner region �r
40 Å�, respectively, of the interior
volume of the capsid.

Now we turn to the influence of the capsid charge distri-
bution on the radial bead density. First, in the limit of �=0
�data not shown�, the radial distribution �b�r� is practically
indistinguishable from that at �=0.1. Hence despite the con-
stant electrostatic potential inside the capsid arising from the
homogeneous surface charge density distribution ��=0�, the
polyelectrolyte displays a very strong adsorption onto the
inner capsid surface. This adsorption originates �i� from the
repulsive interactions among the polyelectrolyte beads and
�ii� indirectly from the capsid charges through their counte-
rions. A strong adsorption of the polyelectrolyte beads to the
inner capsid surface enables the release of the capsid coun-
terions from the neighborhood of the capsid surfaces �36�.
Independently of Nb, Fig. 2 shows that �i� the surface layer of
beads becomes narrower and �ii� the bead density at the inner
capsid surface is higher at increasing �. Hence introducing
spatial heterogeneities of the capsid charge distribution
strengthens the polyelectrolyte adsorption onto the inner
capsid surface. This is an expected trend; any rearrangement
of the charges from a homogeneous distribution �under the
conservation of the average electrostatic potential� should
lead to an increased adsorption. The important result is that
this effect is small.

B. Lateral polyelectrolyte distribution

The angular distribution of the polyelectrolyte beads in-
side the capsid is referred to as their lateral distribution.
Throughout, averages were made over the 12 pentagons �see
Fig. 1�a�� by rotating the coordinates of the beads located in
the pentagonal pyramids formed by a pentagon and the cen-
ter of the capsid to a single pentagonal pyramid. Further
symmetrization by using the fivefold symmetry axis of the
pentagon was not made. The analyses of the lateral distribu-
tion were made for beads located in the surface layer and in
the inner region separately.

1. Surface layer

We will start by considering the bead angular density �b
obtained by taking into account beads located in the surface
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FIG. 2. Bead number density �b�r� as a function of radial dis-
tance r for encapsidated polyelectrolyte with �a� Nb=100, �b� 260,
�c� 400, and �d� 600 beads at charge distribution parameter �=0.1
�dotted curves�, 0.3 �dashed curve�, and 1 �solid curves�. The
shaded area shows the capsid.
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layer. We have normalized �b such that the integral of �b
over the unit sphere gives 4� times the number of beads in
the surface layer. Figure 3 displays such contour plots over a
pentagon for different values of Nb and �.

We see that with only 10% of the total capsid charge
distributed in a dodecahedral structure ��=0.1�, the lateral
ordering of the polyelectrolyte beads is substantial for the
shortest polyelectrolyte �Nb=100�, noticeable for Nb=260,
but apparently small for the two longest polyelectrolytes.
When the total capsid charge is distributed according to a
dodecahedron ��=1�, the lateral ordering of the beads be-
comes very strong. Not unexpectedly, the highest bead den-
sities occur along the vertices of the pentagon and a deple-
tion region appears inside the pentagon. In the case of the
strongest lateral segregation appearing at Nb=100 and �=1,
almost the entire interior of the pentagon is polyelectrolyte
free; hence the polyelectrolyte is strongly confined to the
edges of the pentagon. Throughout, the contour plots display
a nearly perfect fivefold symmetry, supporting sufficient
simulation length.

The lateral ordering of the polyelectrolyte beads will now
be considered in more detail by quantifying the bead angular
density �b along the arclength from a vertex to the midpoint
of the opposite edge of a pentagon. Figure 4 shows �b as a
function of cos �, where cos �=−0.61 corresponds to a ver-
tex and cos �=0.52 to the midpoint of the opposite edge, at
different Nb and � for beads in the surface layer. Panels �c�
and �d� also contain data for the inner region, which will be
discussed later. Our main observations are as follows.

�1� Beads are relocated from the inner region of the pen-
tagon toward vertices and edges at increasing �. Hence as the
spatial variation of the electrostatic potential attaining
dodecahedral structure becomes more accentuated, the spa-
tial distribution of the polyelectrolyte beads also displays a
dodecahedral pattern.

�2� At increasing chain length, a larger charge distribution
parameter is needed to achieve similar relocation. For ex-
ample, at �=0.1 with Nb=100 the bead distribution becomes
weakly perturbed from a uniform density, whereas with Nb
�100 the bead distribution remains basically uniform �as
also concluded from Fig. 3�.

�3� Typically, the bead density is larger at a vertex than at
a midpoint. This behavior is related to the fact that the elec-
trostatic potential generated by the capsid charges is higher
at the vertices than along the pentagon edges �see Fig. 1�b��.
However, Nb=260 constitutes an exception.

�4� At increasing Nb, the magnitude of �b increases but its
increase is only marginal after Nb=400. Hence the number of
beads positioned along the pentagon contour increases with
the total number of beads until the surface layer is saturated
�see also Fig. 2, panels �c� and �d��.

To get further insight into the lateral chain organization,
the order parameters Q6 and W6 defined by Eqs. �11� and
�12� and the symmetry parameter S6 given by Eq. �13� were
calculated for various chain lengths and charge distribution
parameters. In the following, only data for Q6 and S6 will be
given, since W6 provides essentially the same information as
Q6 but in a more compressed scale. Figure 5 provides the
normalized quantities Q6 /Q6

dodec and S6 /S6
dodec as a function

of � for different values of Nb, where Q6
dodec and S6

dodec denote
the values for Q6 and W6 for the spatial distribution given in
Fig. 1�a�. If we restrict to a transition between spherical and
Ih symmetry, we have the boundaries 0
Q6 /Q6

dodec
a and
�S6 /S6

dodec � 
1 for the normalized quantities with a�1. The
value of a depends slightly on the number of sites along the
dodecahedral edge. For example, the relative difference is
0.3% for six �typical for the polyelectrolyte� and eight
�capsid charge distribution� sites.

The order parameter Q6 given in Fig. 5�a� shows that the
beads in the surface layer adhere progressively to the
dodecahedral edges of the discrete capsid charge distribution
as the charge distribution parameter � is increased. This is
consistent with the lateral ordering exhibited in Fig. 3, im-
plying that Q6 can be used as a single parameter to represent
the degree of lateral ordering. In particular, Q6 /Q6

dodec in-
creases markedly after ��0.05 as the fraction of beads po-
sitioned along the dodecahedron edges becomes important.
At low �Nb
183� and at large �Nb�400� numbers of beads,
the Q6 /Q6

dodec versus � curves are relatively insensitive of the
value of Nb. The value of Q6 /Q6

dodec at large � reduces sig-

100

260

400

600

Nb

0.1 1.0 �

FIG. 3. �Color online� Contour plot of bead angular density �b

over one pentagon of the dodecahedron at Nb=100, 260, 400, and
600 beads �top to bottom� and charge distribution parameter �
=0.1 and 1 �left to right� for beads in the surface layer �40 Å�r

48 Å�. Color code: high density �yellow�, intermediate density
�red�, and zero density �black�. The unit of �b is sr−1 and the inte-
gral ���b�� ,��sin �d�d� over the unit sphere is 4� times the num-
ber of beads in the surface layer.
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nificantly between Nb=260 and 400, which corresponds to
the charge ratio parameter ��1 and 1.5. Noticeable, at �
=1 with Nb=100 and 183, we have Q6 /Q6

dodec�0.95 imply-
ing that nearly all beads are located along the dodecahedral
edges �cf. Fig. 3 top right�. Hence for a given capsid charge
distribution, short chains �Nb
183� adhere more easily to
the dodecahedral edges formed by the capsid charges than
long chains �Nb�400� do. This observation will be dis-
cussed shortly.

As mentioned earlier, the presence of Ih symmetry of the
encapsidated polyelectrolyte can be estimated by the symme-
try parameter S6. Figure 5�b� shows that �i� the data for the
normalized symmetry parameter S6 /S6

dodec for beads in the
surface layer falls essentially on a master curve, i.e., it is
independent of the chain length and �ii� two different re-
gimes are present, viz. S6 /S6

dodec�0 within the uncertainty
limits for �
0.01, and S6 /S6

dodec�1 for ��0.05. Hence the
appearance of Ih symmetry occurs at ��0.05 and is basi-
cally independent of the chain length.

The following picture emerges. At �
0.01 the deviation
from a constant electrostatic potential generated by the
capsid charges inside the capsid deviates too little to estab-
lish a polyelectrolyte distribution with a nonspherical sym-
metry. However Ih symmetry has developed at �=0.05,
where the electrostatic potential energy difference for a bead
being in contact with a vertex and a pentagon center is
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FIG. 4. Bead angular density �b along one of the five arclengths
connecting a vertex �cos �=−0.61� and the midpoint of the opposite
edge �cos �=0.52� of a pentagon for polyelectrolytes with �a� Nb

=100, �b� 260, �c� 400, and �d� 600 beads at charge distribution
parameter �=0.1 �dotted curves� and 1 �solid curves� evaluated
separated for the surface layer �40 Å�r
48 Å� and the inner re-
gion �r
40 Å�.
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FIG. 5. �a� Normalized order parameter Q6 /Q6
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malized symmetry parameter S6 /S6
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distribution parameter � on a semilog scale for encapsidated poly-
electrolytes with Nb=100, 183, 260, 400, and 600 beads. Q6 /Q6
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dodec is given only for the surface layer.
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0.3 kT. The increased uncertainties of S6 /S6
dodec at the small-

est values � come from the larger lateral fluctuations.
Again we emphasize that there is no contradiction of
small order parameter Q6 /Q6

dodec and large symmetry param-
eter S6 /S6

dodec�1. The former measure the degree of
dodecahedral-like chain structure, while the latter the appear-
ance of Ih symmetry. An Ih symmetry can still appear for
weak lateral bead density variation as for Nb=600 at �
=0.05.

We will now, in more detail, examine the path on the
dodecahedral graph taken by the polyelectrolyte at �=1 and
how the path depends on the chain length for Nb
260. The
basis of our analysis is that the polyelectrolyte chain follows
the edges of the dodecahedral formed by the capsid charges
as is shown in Figs. 4�a� and 4�b�.

Generally, a simple path on a graph, which visits each
vertex once, is referred to as a Hamiltonian path. When the
path starts and ends at the same vertex, it is referred to as a
cycle �6�. A Hamiltonian cycle or a Hamiltonian path cannot
cover all edges of a dodecahedral graph; only 20 or 21, re-
spectively, of the 30 edges are visited �6�. Using the assump-
tion that the beads are in contact with the inner capsid sur-
face, we obtain the length of the dodecahedral graph Ldodec

�1044 Å and the length of a Hamiltonian path LH,path
dodec

�730 Å. With the rms bead-bead separation 	Rbb
2 
1/2

=5.7 Å, �i� Nb=100 gives the contour length L= �Nb−1�
�	Rbb

2 
1/2=564 Å�LH,path
dodec , �ii� Nb=183 gives the contour

length L=1037 Å�Ldodec, and �iii� Nb=260 and L
=1476 Å
Ldodec. Moreover, we recall that the polyelectro-
lyte charge-total capsid charge ratio � is unity at Nb=260.
The fact that �=1 is achieved at L
Ldodec is related to the
longer bead-bead separation as compared to the separation
between neighboring capsid charges.

The different paths for different Nb have been character-
ized by the distribution of the number of beads associated
with a dodecahedral edge nb,edge. Figure 6 displays the nor-
malized probability distribution P�nb,edge� for Nb=100, 183,
and 260.

Starting with Nb=100, we notice that L�0.5Ldodec

�LH,path
dodec and Fig. 6 shows that there are two populations of

edges, one population decorated with 6–7 beads and one

having 0–2 beads. The reason for not strictly zero beads for
the second population is that the chains sometimes make a
short loop at the vertices. The probabilities of the two popu-
lations are similar, consistent with L�0.5Ldodec. Hence for
the shortest chain, our results show that the chain forms a
path covering �15 of the 30 edges, each of these edges
decorated by 6 to 7 beads.

Regarding the chain with Nb=183, we have L�Ldodec


LH,path
dodec . Figure 6 shows that all edges are decorated with

beads, most of them with 6–8 beads but some still only by a
few. To resolve the topological impossibility to make a Euler
path �a simple path visiting all edges once�, the chain forms
several short loops each originating from a vertex and fol-
lows one dodecahedral edge. These loops extend at most one
edge. Sometime these loops are short �2–4 beads�, but at
other occasions they comprise 8 to 9 beads.

Finally, with Nb=260 beads one has L
Ldodec. At least
four beads are associated with one edge, and the probability
of finding 10–12 beads between two adjacent vertices in-
creases markedly. Hence longer loops are formed at some of
the edges. The electrostatic repulsion within a loop at one
dodecahedral edge makes the width of the bead distribution
perpendicular to the edge broader �cf. solid curves in panels
�a� and �b� of Fig. 4 showing the bead angular density�. The
presence of loops implies that the chain makes multiple visits
at some of the vertices and enables full coverage of the
dodecahedron graph with all beads located in the surface
layer.

In our model, at �=1 the chain linear charge density is
smaller than the charge density along the dodecahedron
edges, which explain why, after performing a Hamilton path,
it is advantageous for the chain to make loops to utilize the
otherwise uncovered edges. Moreover, we have considered a
flexible chain, where the mean angle formed by three con-
secutive beads was about 128°, which matches closely the
angle made by the dodecahedron edges at the vertex. For
stiffer chains, an analysis in terms of Hamilton paths be-
comes less fruitful due to energetic bending penalties when
following the dodecahedral edges close to the vertices.

2. Inner region

The lateral distribution of beads located in the inner re-
gion �r�40 Å� for polyelectrolytes with Nb=400 and 600
beads at various charge distribution parameters are also
shown in Figs. 4�c� and 4�d�, and the corresponding normal-
ized order Q6 /Q6

dodec parameter is displayed in Fig. 5�a�
�open symbols�. All representations show that the beads are
essentially homogeneously distributed. However, at �=1
weak density maxima appear in the center of the pentagons
�cos �=0�. Obviously, the high density of beads in the sur-
face layer along the dodecahedron edges �with a total bead
charge exceeding the total capsid charged� slightly affects
the lateral location of the beads inside the surface layer
through the electrostatic bead-bead repulsion. Here, we ob-
tain the normalized symmetry parameter S6 /S6

dodec�−1.0,
the minus sign demonstrating an accumulation of beads in
the inner part of the pentagon.
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FIG. 6. Probability distribution of the number of beads associ-
ated with one edge P�nb,edge� for encapsidated polyelectrolytes with
the indicated number of beads at charge distribution parameter �
=1.
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C. Small-ion distribution

1. Radial distribution

The number of the small ions inside and outside of the
polyelectrolyte-containing capsid has also been determined.
Table II gives the average number of capsid counterions
	Nion

cap
 and the average number of polyelectrolyte counterions
	Nion

pe 
 inside the capsid at a different number of polyelectro-
lyte beads and different values of the charge distribution pa-
rameter. The average net charge of the polyelectrolyte-
containing capsid, including the capsid charge and all
encapsidated charged species, 	Znet

cap
, is also given.
First, with the undercharged capsid, i.e., the total capsid

charge exceeding the polyelectrolyte charge ��=0.38�, there
are essentially no polyelectrolyte counterions inside the
capsid, and for the overcharged capsid ��
1� no capsid
counterions remain inside the capsid. At both conditions,
since 	Znet

cap
�0, the counterions inside the capsid only par-
tially compensate the net charge of the capsid-polyelectrolyte
complex. Second, at the charge-neutral polyelectrolyte-
capsid condition ��=1�, some polyelectrolyte counterions
still appear inside the capsid and are located radially on the
inner side of the polyelectrolyte layer, whereas the average
number of capsid counterions inside is less than 0.01. The
radial separation of the capsid charges located at r=52 Å and
the polyelectrolyte charges located inside the capsid charges
�see Fig. 2� is the origin of this observation �36�.

At ��1, an increased charge distribution parameter �
leads to an increased number of counterions, making 	Znet

cap

smaller in magnitude. At �=1, the number of polyelectrolyte
counterions reduces more than 50% as � is increased from
0–1. This reduction is a consequence of the smaller capsid-
charge–polyelectrolyte-charge separation occurring at �=1
�Fig. 2�b��.

2. Lateral distribution inside the capsid

The lateral distribution of the small ions has been ana-
lyzed in the same way as the lateral distribution of the poly-
electrolyte beads. Generally, the small ions were also accu-
mulated at or near the inner capsid surface but their
distributions were less askew as compared to the polyelec-
trolyte beads and no well-defined surface layer could be as-
signed. Therefore all small ions inside the capsid are in-
cluded in the lateral distribution analysis, keeping in mind
that a lateral heterogeneous distribution is largest near the
inner capsid surface.

Figure 7 shows angular density of the small ions �ion
along the arclength from a vertex to the midpoint of the
opposite edge of a pentagon �in the same way as for the bead
density shown in Fig. 4� for chains with Nb=100, 260, and
600 beads at various values of the charge distribution param-
eter. For the undercharged capsid with Nb=100, only capsid
counterions reside inside the capsid and these counterions
display an increased lateral ordering at increasing � �Fig.
7�a��, in a similar manner as the polyelectrolyte beads do
�Fig. 4�a��. However, the degree of ordering is reduced as
compared to the order of the beads. Since the capsid is un-
dercharged, it is reasonable that the capsid counterions dis-
play a similar pattern as the polyelectrolyte beads do. Re-
garding the charge-neutral polyelectrolyte-capsid complex
obtained with Nb=260, the polyelectrolyte counterions are
essentially laterally homogeneously distributed at small �,
but display a significant heterogeneous distribution at �=1.
As mentioned earlier, a substantial fraction of these counte-
rions form a layer on the inner side of the polyelectrolyte
layer, and the increased lateral counterion heterogeneity re-
flects the increased heterogeneous polyelectrolyte bead dis-
tribution. Finally, with an overcharged capsid obtained with
Nb=600, polyelectrolyte counterions are laterally homoge-
neously distributed inside the capsid even at �=1. About 2/3
of the counterions reside in the inner polyelectrolyte region
where the beads are laterally homogeneously distributed
�Fig. 4�d��.

D. Comparison with experiments

Experimental studies on viral RNA packaging have
shown that the viral RNA genome adjacently located to the
capsid proteins for several T=1 and 3 viruses display a
dodecahedral structure �7,8,17,42�. Different arrangements
of RNA are possible with the double-stranded secondary
structure constituting the edges of the dodecahedron. The
chain configuration at the vertices could not be visualized,
but the presence of unpaired “bubbles” at the vertices, pos-
sessing larger flexibility than the double-stranded RNA back-
bone, is inferred �6�. Some studies suggested that the se-
quence and the length of the viral RNA genome are not
important for reaching the dodecahedral structure, the flex-
ibility of RNA being exploited to force the RNA into a shape
of a dodecahedon �7,42�. Inspection of the base-pairing ar-
rangements in various RNA genomes suggested that the
presence of individual secondary structural elements joined
by single-stranded intervals is likely specific for a dodecahe-
drally packed RNA genome �43�.

TABLE II. Average number of capsid counterions 	Nion
cap
 and

polyelectrolyte counterions 	Nion
pe 
 inside the capsid and net charge

of the polyelectrolyte-containing capsid 	Znet
cap
.

Nb � � 	Nion
cap
 	Nion

pe 
 	Znet
cap


100 0.38 0.05 53.3�3� �10−5 106.7�3�
0.1 53.6�6� �10−5 106.4�6�
0.3 53.7�3� �10−5 106.3�3�
1 56.3�3� �10−5 103.7�3�

260 1 0.05 0.010�5� 8.7�5� 8.7�5�
0.1 0.007�5� 7.7�5� 7.7�5�
0.3 0.007�3� 6.2�1� 6.2�1�
1 0.003�1� 3.7�1� 3.7�1�

400 1.54 0.05 �10−5 110.0�7� −30.0�7�
0.1 �0.007 111.4�6� −28.6�6�
0.3 �10−5 111.0�5� −29.0�5�
1 �10−5 113.5�8� −26.5�8�

600 2.31 0.05 �10−5 301.1�8� −38.9�8�
0.1 �10−5 301.3�7� −38.7�7�
0.3 �10−5 300.9�8� −39.1�8�
1 �10−5 303.4�7� −36.6�7�
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In the present study, we follow the coarse-grained ap-
proach, in which the RNA sequence is replaced by a chain of
identical beads. Our focus concerns the effect of a dodeca-
hedral capsid charge distribution on the genome packaging at
increasing lateral heterogeneity. In particular, the electro-
static potential generated by the capsid charges of the pari-
acoto virus is closely reproduced by our model system at �
�0.4 �Fig. 1�. Though the genome was treated as a ho-
mopolymeric chain, our model predictions are in line with
the experimental findings that the genome near the inner
capsid surface also display a dodecahedral arrangement �8�.
Hence our findings support that genome-capsid electrostatic

interactions play an important role for the lateral organiza-
tion and for the path adopted by the genome in the dodeca-
hedral graph. After this establishment, more refined ap-
proaches should be employed, in particular, to examine the
role of the secondary RNA structure for the genome arrange-
ment near the capsid surface.

IV. SUMMARY

Inspired by recent experimental observations that the ge-
nome in some viruses possesses a dodecahedral structure in-
side the icosahedrally shaped capsid, presumably driven by
electrostatic interactions, we have constructed a coarse-
grained model to examine the propensity of a flexible poly-
electrolyte to attain a dodecahedral structure. Our model in-
cludes electrostatic interactions, excluded volume
interactions, and bond and bending potentials to establish a
polyelectrolyte with a given flexibility, here the bare persis-
tence length was smaller than the capsid radius as for the
case for ssRNA containing viruses.

On the basis of our minimalistic viral model, the structure
of the encapsidated polyelectrolyte and the distribution of
small ions have been examined for different polyelectrolyte
lengths at constant linear charge density and various distri-
butions of capsid charges at constant total capsid charge. The
distribution of the capsid charges ranged from a homoge-
neous distribution to a distribution where all capsid charges
were positioned on the edges of a dodecahedon, as the
charge distribution parameter � was varied from 0 to 1. Our
main findings and conclusions are as follows.

�a� The radial distribution of the polyelectrolyte beads and
the partitioning of small ions between the interior and the
exterior of the capsid were only weakly dependent on the
charge distribution parameter. Beads were accommodated in
two distinct radial regions, a surface layer and an inner re-
gion. At increased capsid charge heterogeneity, the polyelec-
trolyte became stronger adsorbed to the inner capsid surface
and the absolute value of the net charge of the capsid, includ-
ing the charged species inside the capsid, became smaller.

�b� The lateral distribution of the polyelectrolyte beads
was strongly affected by the capsid charge distribution. At
large �, the polyelectrolyte in the layer closest to the inner
capsid surface also displayed a dodecahedral structure owing
to its attractive Coulomb interaction with the capsid charges.
The shortest polyelectrolyte was the most affected. Indepen-
dently of the chain length, �=0.05 was sufficient to produce
Ih symmetry of the encapsidated polyelectrolyte. In those
cases where the polyelectrolyte charge exceeded the capsid
charge, a part of the polyelectrolyte homogeneously popu-
lated the inner region.

�c� At �=1, polyelectrolyte beads were strongly located
along the dodecahedral graph and the concept of the Hamil-
tonian path could be applied to examine the chain conforma-
tion. Chains shorter than the Hamiltonian path made a simple
path along the edges of the dodecahedron, whereas longer
chains passed most of the vertices once but some of the
vertices twice in opposite directions with an intermediate
loop along an edge.

�d� Dodecahedral structure was in most cases also found
for encapsidated counterions at large � unless the
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FIG. 7. Angular density �ion of small ions located inside the
capsid and along one of the five arc lengths connecting a vertex
�cos �=−0.61� and the midpoint of the opposite edge �cos �
=0.52� of a pentagon. �a� Capsid counterion for Nb=100, �b� poly-
electrolyte counterion for Nb=260, and �c� polyelectrolyte counter-
ion for Nb=600 at charge distribution parameter �=0.1 �dotted
curves�, 0.3 �dashed curves�, and 1 �solid curves�.
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polyelectrolyte-capsid complex is overcharged �Nb
260�.
At ��1, capsid counterions were preferentially positioned
on the polyelectrolyte-free vertices, whereas at �=1, some
polyelectrolyte counterions are found near the polyelectro-
lyte surface layer.

Despite that our minimalistic model �i� leaves out essen-
tially all molecular details, such as the capsid structure and
its more elaborated charge distribution, including basic pep-
tide tails �44�, �ii� neglects that the secondary structure of
viral ssRNA is a branched polymer �6� rather than a linear
one, and �iii� does not contain any added salt as compared to
physiological conditions, hence the electrostatic interactions
are here less screened, we believe that simple models as the
present one constitute important initial steps to establish the
connection between interactions in viral systems and their

structures. In the present case, we have established a model
where �i� the polyelectrolyte close to the inner capsid surface
adopts a dodecahedral structure inherited from the capsid
charge distribution and �ii� the polyelectrolyte in the inner
region of the capsid displays a laterally homogeneous distri-
bution; two features reported for T=3 viruses.
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